The paper presents a comparison of higher harmonics in induced phase voltages of a stator winding in the no-load state of a three-phase 5.5 kVA salient pole synchronous generator. The comparison is carried out for the synchronous generator with different salient pole rotor constructions: a non-skewed solid rotor, a non-skewed solid rotor with radial incisions, and a laminated electrotechnical steel rotor with skewed slots and damping bars. The calculations of higher harmonics are based on the magnetic field distributions in the air gap, which are carried out in a 2D model in a FEMM program and on the induced voltage waveforms in the stator windings registered during experimental investigations of the 5.5 kVA salient pole synchronous generator in the no-load state.
Introduction
The distribution of the magnetic flux density in the air gap of a salient pole synchronous generator has an influence on the occurrence of higher harmonics in voltage induced in the stator windings [1] [2] [3] [4] [5] [6] [7] [8] . The shape of the stator and rotor magnetic surfaces has an influence on the distribution of the magnetic flux density along the air gap circumference, and the magnetic flux density:
-decreases at the stator and rotor slot opening, -increases if the length of the air gap decreases. Knowledge about the effective air gap length allows, for example, an analytically more precise specification of: self-and mutual inductances, the distribution of flux density in the air gap, voltages induced in the stator windings etc. [9] [10] [11] [12] [13] [14] . The effective air gap length is calculated from the initial length of the air gap by taking into account the total Carter Factor, which is the sum of two factors [4, 14, 15] . The first factor is calculated by assuming a smooth rotor surface and taking into account stator slots. The second factor is calculated by assuming a smooth stator surface and with rotor slots. In electrical machines the problem of variations in the distribution of the magnetic flux density due to stator and rotor slot openings was first solved by F.W. Carter in 1901 [16] . Generally, the variations in the distribution of magnetic flux density are taken into account in increases of the initial length of the air gap by means of the Carter factor [4, [14] [15] [16] . Variations in the distribution of the magnetic flux density in a one sided uniform air gap (including the slots on the stator or on the rotor side) can be determined:
-by the quotient of minimum to maximum magnetic flux density [14, 15] 
-in relation to the quotient of average to maximum magnetic flux density [4] ) ( ) ( 
where: B min is the minimum magnetic flux density, B max is the maximum magnetic flux density, u is the coefficient ( ) 
-if 0.8α < α < 0.5α d
where: β = B 0 /B max , α is the angle of the stator slot opening in relation to the rotor circumference [4] ,
is the inner stator diameter, r s is the inner stator radius. In a salient pole synchronous generator the magnetic rotor asymmetry (in the direct and quadrature axes) and the shape of a pole shoe with various lengths of an air gap and with the bars of the damping cage (placed inside the pole shoes) mean that the air gap is more complex than in cylindrical or asynchronous generators. The air gap length has a significant influence on the magnetic flux density distribution and on the induced stator voltage waveforms [1-13, The presence of a rotor damping cage during the cooperation of a synchronous generator with a power grid allows the shortening of many transient processes [19] [20] [21] and the presence of a damping cage is not a subject of discussion. But in the case of the synchronous generator set (working as a back-up power system), the presence of a damping cage is debatable particularly in the no-load state. The damping cage can be made of solid iron [14] .
Apart from the stator and rotor slotting and the type of stator and rotor windings and damping cage, the inner eccentricity of the stator and rotor has an influence on the distribution of the magnetic flux density in the air gap of a salient pole synchronous generator. This problem is widely discussed in many papers [22] [23] [24] [25] .
Because of the small initial length of the air gap, the influence of the air gap length on the eddy currents and power loss in the solid elements in low-power synchronous generators is more visible than in high-power ones. The depth of eddy current penetration λ is determined as [14, 15] :
where: f is the frequency, γ is the electrical conductivity, μ r is the relative magnetic permeability.
Frequently, electrotechnical sheets are used as a method of eddy current reduction in pole shoes [14] . The other method of reducing the eddy currents shown in this paper is by making radial incisions across the width of the pole shoe [18] . According to expression (5), the depth of an incision across the width of the pole shoe depends on the frequency of the magnetic field and the type of rotor material (its electrical conductivity and magnetic permeability).
This paper presents the influence of the pole shoe radial incision across the width of the pole shoe:
-on the distribution of the normal magnetic flux density in the air gap of a 5.5 kVA salient pole synchronous generator, -on the waveform of voltages induced in the stator windings. The air gap length δ between the stator and solid pole shoe in relation to the initial length of the air gap in the longitudinal axis of the examined 5.5 kVA salient pole synchronous generator is expressed as [18] :
where: δ is the air gap length between the stator and solid pole shoe, δ 0 is the initial length of the air gap in the longitudinal axis, α is the electrical angle of the pole shoe which is calculated in relation to the longitudinal axis.
The visualization of air gap length δ between the stator and solid pole shoe and the depth of incision δ i across the width of the pole shoe in relation to the initial length of air gap δ 0 and inner stator radius r s are shown in Fig. 1 . Fig. 2 shows the relative influence of the air gap length δ (6) and of radial incision of a pole shoe on the effective air gap length in relation to inner stator radius r s and diameter d vs. the electrical angle of the pole shoe α in relation to the longitudinal axis. The introduction of the radial incisions on the pole shoe surface results in even loss of the steel ( Figs. 1 and 2 ) and has the effect of flattening the resultant magnetic flux density in the air gap [14, 18] . The effect of flattening the resultant magnetic flux density due to the radial incisions on the pole shoe surface has a similar effect to the case of the pole shoe saturation [14, 18] . The advantage of radial incisions on the solid rotor on the pole shoe surface is that the incisions can be done by utilising a simple lathe. The depth of the radial incisions on the examined rotor circumference is equal to 2δ 0 (Fig. 2) .
Due to the complex air gap, more detailed results are obtained using Finite Element Method (FEM) software for 2D or 3D models [12, 26] . Simulations of the magnetic flux density distribution and induced voltages with the FEM software are very similar to the results of experimental investigations due to the fact that the FEM models include many construction details [11, 12] . But the FEM calculations also have many disadvantages, for example [11, 12, 27, 28] :
-the length of time required for the calculations in FEM programs is longer than in an analytical way, -commercial FEM programs are very expensive and require detailed knowledge about the construction of the electrical machine, -FEM models require a large number of constructional details, -for a beginner or even a person with intermediate skills, considering which electromagnetic parameters have a direct influence on the final results is difficult.
Therefore, simulations of the magnetic flux density distribution and induced voltages in electrical machines are often carried out by means of both analytical expressions, circuital models and/or FEM software [3, [5] [6] [7] [8] [9] [10] [11] [12] [27] [28] [29] .
In this paper the simulation of the magnetic flux density distribution and experimental investigations of induced voltages are carried out for the salient pole synchronous generator rated: S N = 5.5 kVA, U N = 400 V (Y), I N = 7.9 A, cosϕ N = 0.8, n N = 3000 rpm, the number of pole pairs p b = 1, the number of stator slots Q s = 24 with a single-layer winding, rotor: with and without the skew angle α q = 15° (the skew angle is equal to a single stator tooth pitch). Moreover, magnetic flux density distributions are determined in the air gap of the examined 5.5 kVA salient pole synchronous generator after creating the geometry of the 2D field model in the FEMM program [9, [11] [12] [13] 26] . In calculations of the distribution of the magnetic flux density the presence of eddy currents is omitted in the 2D field model due to the powering of the field winding by DC nominal current at no-load I f 0 N = const.
Distributions of magnetic flux density
The distribution of the magnetic flux density lines is obtained taking into account the nonlinear material properties. Fig. 3 shows two no-load magnetisation characteristics obtained from the measurement set for the 5.5 kVA salient pole synchronous generator with two rotor structures. One of the no-load characteristics is for a salient pole synchronous generator with a factory rotor made of insulated electrotechnical sheets and the second one is for a generator with a solid rotor with radial incisions. 
where: α q is the electrical skew angle, B ns , B n are the normal component of magnetic flux density in a non-skewed and skewed rotor, respectively. The distribution results presented in Fig. 6 show that in the areas with a longer air gap the flux density distributions decrease but in the areas with a smaller air gap they increase (Fig. 5b) . The variations in the distribution of the normal component of the magnetic flux density shown in Fig. 6 are caused by a permeance change between the stator teeth and slots on the circumference of the stator and rotor (Fig. 5) . Figure 7 shows the comparison of the magnitude of harmonic contents in the magnetic flux density distributions (Fig. 6 ) due to the Fourier analysis.
The comparisons shown in Fig. 7 are determined in relation to the amplitude of the fundamental component of the magnetic flux density distribution in the air gap for the synchronous generator with a solid rotor without incisions and without skewed poles. The results in Fig. 7 reveal that the 2δ 0 radial incision causes:
-10% reduction of the magnetic flux density fundamental component (Fig. 7a) , -an increase of the odd harmonics up to the 17th order by a few percent, -a reduction of the kQ s ± 1 higher harmonic amplitudes by a few percent (k is integer number).
The number of radial incisions has an influence on the increase of the odd harmonics up to the 17th order (Fig. 7) . The radial incisions, which are the percentage loss of steel along the length of the pole shoe, changed the v-th harmonics of the magnetic flux density from B nv (for the non-skewed rotor without incisions) to B niv (for the non-skewed rotor with incisions) and from B nsv (for the skewed rotor without incisions) to B nisv (for the skewed rotor with incisions).
The effect of flattening the equivalent air gap between the stator and the pole shoe (with the radial incision) can be reduced by incisions defined according to the relation (6) . But such incision must be made with numerically controlled machine tools instead of a typical lathe. The normal component of the magnetic flux density distributions for the examined 5.5 kVA synchronous generator, as presented in Fig. 6 , has an impact on the content of higher harmonics in the induced stator phase voltages. As was shown in [9, 18] , the wave-shape of the induced stator phase voltages is influenced not only by the magnetic flux density distributions (Fig. 5) but also by the winding coefficient (which for a single-layer winding depends on the winding distribution, slot opening and rotor skew coefficients).
Voltages induced in the stator windings
In the no-load state of the salient pole synchronous generator (currents i a , i b and i c are equal to zero) without the power grid and a damping cage, voltages: u a , u b , u c induced in the stator windings and u f in the field winding, taking into account the electrical angle of the rotor position θ, can be derived for the stator windings (in stator coordinates) and for the field winding in rotor coordinates [11, 12] 
where: B a , B b , B c and B f are the stator and field density of magnetic fluxes with and without the rotor skew (eg. Fig. 6 ), N s , N f are the number of stator and field windings, r s , r r are the inner stator and outer rotor radius, l s , l r are the length of stator and rotor, k w is the winding factor: k w = k d k p k b k q [9, 14] , k d is the distribution factor, k p is the pitch factor, k bv is the slot opening factor, k qv is the skew factor, k wf is the field winding factor. The problem of the influence of the pitch-and winding distribution, and slot-opening and slot-skewing winding factors (of the 5.5 kVA salient pole synchronous generator) on the reduction of the harmonic contents in induced stator voltages in the most frequently used windings: single-layer, double-layer and triangular, is widely discussed in [9] . Fig. 8 shows the comparison of the lower order harmonics of magnetic flux density (shown in Fig. 6 ) and magnetic flux density derivatives for the synchronous generator with a solid rotor without incisions. Lower order harmonics of magnetic flux density for the generator with solid rotor with incisions are very similar to ones presented in Fig. 8 and are omitted. The differences in magnitudes of the harmonics are better visible in Fig. 7 . Fig. 8 shows that the ν-harmonic presence in magnetic flux density is enhanced ν-times in magnetic flux density derivatives. The ν-harmonic in magnetic flux density enhanced ν-times by derivatives has significant influence on the increase of the harmonic content in the induced stator voltagesexpression (11) . Fig. 9 presents winding coefficients for a single layer three-phase winding [9] . The following parameters of the 5.5 kVA synchronous generator are used in calculation of the winding factors of the harmonic ν [9] : the number of phases m = 3, the number of pole pairs p b = 1, the number of stator slots Q s = 24, the stator slot opening b s = 3 mm, the coil pitch in per unit y = 1. and utilising the normal component of magnetic flux density distributions (presented in Fig. 6 for the synchronous generator with the following rotor structures: solid with and without skew, solid with and without radial incisions). Fig. 10 presents the calculated waveforms of the induced stator voltages only in phase a. Voltages u b and u c are very similar to u a (Fig. 10) and are shifted by the electrical degree of 2π/3. Moreover, Fig. 11 presents the individual harmonic distortion IHDu a in relation to the fundamental component of the induced stator voltages of the synchronous generator with the non-skewed solid rotor.
Comparing the induced stator voltages (Fig. 10) , the magnetic flux density derivatives (Fig. 8) and the winding factors (Fig. 9) it can be concluded that the higher harmonic content is primarily influenced by the product of the electrical angular velocity ω and derivatives of magnetic flux density ∂B/∂θ. The product ω(∂B/∂θ) is reduced by the winding factors (Fig. 9) . The greatest reduction of the harmonic content in the induced stator voltages is achieved by skewing the rotor (Fig. 10c) . The rotor skewness has a very small influence on harmonic reduction of the 3rd and 5th order harmonics (Figs. 9-11 ).
Experimental investigations
Experimental investigation of the influence of the rotor incisions on the waveforms of induced stator voltages of the 5.5 kVA salient pole synchronous generator is carried out by comparison of the induced stator voltages for the three rotor structures shown in Fig. 12 . Experimental investigations of the 5.5 kVA salient pole synchronous generator with the three rotor structures are carried out using the measurement set shown in Fig. 13 . Fig. 14 presents a simplified block diagram of the measurement set (shown in Fig. 13 ). Fig. 15 presents the registered waveforms of the induced stator voltages and the field voltage as well as the current of the examined 5.5 kVA salient pole synchronous generator in noload state. During the experimental investigations the synchronous generator was running with the following rotor structures: solid, non-skewed, solid, non-skewed with radial incisions, and skewed with insulated electrotechnical sheets. Moreover, the field winding of the examined 5.5 kVA salient pole synchronous generator for all cases was powered by a DC voltage source (U f = const-shown in Fig. 15c ) for the same RMS value of 230 V of the fundamental component phase stator voltages. As shown in [11] , when powering the field winding of the 5.5 kVA salient pole synchronous generator, in induced u a , u b and u c voltage waveforms (11) in no-load state, the total harmonic distortion THDu is the lowest. So, during the experimental investigations the field winding of the examined 5.5 kVA salient pole synchronous generator is powered using a DC voltage source. Fig. 16 shows a comparison of the individual harmonic distortion (IHDu a ) in the induced stator voltages in phase a shown in Fig. 15 . IHDu a is calculated due to the Fourier analysis of voltage u a with respect to the fundamental component. Based on the presented waveforms in the induced voltages in the stator winding in no-load state of the examined 5.5 kVA salient pole synchronous generator (Fig. 15 ) and on individual harmonic distortion (Fig. 16) , the total harmonic distortion (THDu a , THDu a-ri and THDu a-e ) counted up to the 75th harmonic is equal to:
-THDu a = 16.39% for the generator with a solid, non-skewed rotor without radial incisions (THDu a-c = 17.23% calculated for generator with the same rotor constructiondetails Fig. 11 ), -THDu a-ri = 9.58% for the generator with a solid, non-skewed rotor with radial incisions (THDu a-ri-c = 18.34% calculated for generator with the same rotor construction -details Fig. 11 ), -THDu a-e-s = 9.30% for the generator with a skewed rotor made of electrotechnical sheets (THDu a-s-c = 10.35% calculated for a generator with the solid, skewed rotor without incisionsdetails Fig. 11 ). 
Conclusion
The main motivation of this paper is to show the influence of the radial incisions, saliency and the skewness of the rotor and the stator slotting on the higher harmonic contents in the magnetic flux density in the air gap (calculated during simulations in the FEMM program) and in the voltage waveforms induced in the stator winding (registered in a single-layer winding during experimental investigations) in the no-load state of the salient pole synchronous generator. The simulations and experimental investigations were carried out for the low power 5.5 kVA salient pole synchronous generator with a solid, non-skewed rotor, with a solid, nonskewed rotor and radial incisions, and with a skewed rotor made of electrotechnical sheets. Based on the presented comparison of THDu a and THDu a for the examined 5.5 kVA synchronous generator, it can be concluded that the introduction of 39 constant depth radial incisions on the rotor solid surface of the pole shoe equal to 2δ 0 :
-reduces the amplitude of the magnetic flux density by 10% (Figs. 6 and 7), -increases by 32% the 3rd harmonic in the component of the normal magnetic flux density and reduces by 43% its participation in the induced stator voltages, -in the induced stator voltages gives a similar higher harmonic spectrum to the case of the generator with the rotor made of electrotechnical sheets. The higher harmonics that occur in the induced voltages of a single-layer stator winding are v-times lower than in the normal component of the magnetic flux density. This is due to the fact that in the single-layer stator winding the harmonic contents are reduced by pitch, slot opening and skew winding factors.
During the experimental investigation of the three-phase salient pole synchronous generator with a solid, non-skewed rotor with radial incisions, the total harmonic distortion was found to be 9.58%. THDu a-c obtained from the 2D model in FEMM program (without eddy current) and expression (11) is 18.34%. It means that there are some differences between FEMM's 2D model and the investigated generator that have an influence on the harmonic content. These differences can be explained by:
-different saturation in the 2D model and in the investigated 5.5 kVA synchronous generator, -omission of eddy currents in rotor poles in the 2D model (eddy currents have a shielding effect on magnetic flux density distribution [30] ), -different shape and nonuniformity of the real air gap along the length of the rotor and stator than in the 2D model.
